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Motivation

Holomorphic Poisson deformations

0 c- H°( ÑT ) holomorphic bivector 0=-1-4 (P+iQ)

Q

⇐
50=0

and
[0,01=0

I. = ( É #-)
Holomorphic Poisson

is integrable

Question : Can generalized complex geometry give a geometric

approach to noncommutative algebraic geometry ?







Project Summary

Kahler : (M ,w) + Polarization I Generalized complex deformation:(M ,w)+ Pol . I
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1 Geometric quantization of Kahler manifolds : B-model approach
• (M ,

W ) symplectic with periods c- I

1- = ④ Horn
,
/ 0,10+101)

• (L ,D) pre quantization curvt = -2mi w kzo{ . complex pyan.zay.im I , w, + ±*w= , µ , gum → gum

E → L④E
• quantization Holm ,L) = Her 17°

"

"

foaling family quantization
Graded algebra

-

1- = ④
④ K

)W
,

2W
,

3W
,

• . .

⇐so
HYM

,
L

Kodaira embedding theorem : this

captures polarization : algebraic variety .



2. Geometric quantization of Kahler manifolds : A -model approach

Encode Kohler geometry (M,
I,w) as a pair of A-branes in #M

,
Wo)

µ^ for
• Lagrangian brane : L = (em ,

Em , d) Zero section uol.sywf-o.IM
/

f. canonical

holomorphic
• Space - filling brane : B = µ ,

B) = (+* L
,

¥17 - Ziti Redo) dto = No symplectic form
.

----_ on 1-* M

É + iwo = No + Hw Twisted holomorphic cotangent bundle
--_

Def? (U ,Ñ ) space - filling brane in ( ✗ ,
Wo) when Étiwo is a holomorphic symplectic form.

Intersection recovers Kahler structure : (U.tl/y-- ( L , D)

Holomorphic prequantization of B : (U ,
D) = ( U

,
$+21T lmao ) currD= -2mi ( Étiwo)

Holomorphic Lagrangian Polarization : cotangent fibers



2. Geometric quantization of Kahler manifolds : A -model approach

Quantization

B ← In ,Ñ )
Homa / L ,B) = holomorphic flat sections
T along Polariz AL

1-
* M "

Fukui
= H°(M

,
L) = Hom,§0 , L )how

' '

L ← (e.d)
Algebra

T*MxmT*M⑤→T*M symplectic groupoidt'
.

Convolution of branes { L * L =L✓
( L ,

B? B # B = B2

M ( hi
,

1327

1- = ① Homa ( L , B
"

)
µ , B
' ) bro

Polarization : fibers of IT are hot . Lagrangian = ④ Hom
,
LO

,
L
't

)
to 70



2. Geometric quantization of Kahler manifolds : A -model approach



3. Generalized complex deformation or = (P+iQ) c- H°(ÑT) holomorphic Poisson

I = ( Io -
¥*) generalized complex structure on M

Def
"

: A brane on 1M,I) is (1,17) unitary line bundle s.t.IT,==Pf , i.e.
17 D

FI + I*F + FQF = 0 ( when 0=0 recover FER
"

)
p R R t p

Thml- l : If the prequantum line bundle is a Poisson module ( F invariant lift of f)
Then it deforms to a brane for II.

Metric h ou L ⇒ Q^ - Hamiltonian on tot (L)

⇒ Q - Poisson vector field on M ⇒ Qt flow

⇒ D- =/ 4¥17 dt Brane for I = B.
0

Trivial brane Hm
,
d) = Bo



3. Generalized complex deformation

Trivial brane Bo = (em ,
d)

{ Deformed prequantum brane B , = (L ,Ñ )
Quantization : Hom,±(Bo ,B ,

)

T
Algebra : Iterate the autoequivalence B 1→ (↳ E) ④ 4*43)

Bo
,
B
,
= TCBO)

, 132=1-21130) , - - . A =
o

Hom
#
( Bo

,
Bk)

Problem : Morphisms between I - branes are not defined .

Deformed B - model approach is stuck
.
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3. Generalized complex deformation : A - model approach

Any GC structure ( A -
§*)

ama.nu#..+.:+.ai:::::i::::-:::::::-

,
• (G) Sit ,m ,

Id ) Lie groupoid
( Hamiltonian paths up to Ham

. homotopy )

• Wo symplectic form sit
. multiplication

is a Lagrangian relation in G- ✗ G- ✗ G ①
GIG
✓ in

G×G G

• for Q=O
,
G = 1-

*

M with m= fibrewise addition



3. Generalized complex deformation : A - model approach

key properties :

① E=1d(M)- G is Lagrangian

① (t ,s) : (G) Wo)→ (MXM
,
I ✗ I

-

) generalized holomorphic

Bi
,
B ; I

-branes ⇒ Lt ,s5"(Bj×Bi) = Bji A- brane in (G. Wo)

Quantization : Hom
#
(Bo

,
B.) := Homa (E , Bio )

m

③ convolution product on branes G ✗ G- - → G

B
'

✗ B -7 B' * B
E Fuk / G.Wo) Monoidal

Graded algebra : A = o Homa ( E ,
BÉ* )
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A - model Homs Lagrangian→ Space-filling

By
(G) Wo)
rye LagrangianSpace-filling

Proposed definition : • B = ( U.P) St
. Fptiwo =D holomorphic symplectic

• Holomorphic prequantization (U , D) curv(D) =D

choose { • Holomorphic Lagrangian foliation F of (G)R)

Quantization: Hom ( E
,
B) = ④ H°( a)DIE

BS Leaves

intersecting E
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.

A - model Homs Lagrangian→ Space-filling

pg
of

(G) Wo)
rye LagrangianSpace-filling

Algebra :
• take iterated convolution B

,

83*2
,

B* }
,

-
- -

• multiplicative prequantization
multiplicative cocycle

• multiplicative polarization ④

(Ui☒Uj,Di☒Dj)→ (Ui+j,Di+j)

-1=+0 Homa (E ,B** ) \
, /

kzo GIG
(Ui☒Uj,Di☒Dj) (Ui+j,Di+j)

④ ( ⑤ Holler /d) → ✓
1×30
[c- BSNE Gx G G



5. Implementation for Toric R - matrix Poisson varieties

① (M , I ,w ) toric Kohler 1T¢ I> Aut (M ,I)
u U

Prequantization (LP ) + linearization § IT → Aut (M ,I,w)

*

Momentum② lift 1T¢ action to T*M ⇒ Hamiltonian J : 1-
*
M→ te

③ R - matrix C c- Ate ( invariant Poisson Str on 1T¢ )

p*C = To Holomorphic Poisson on M

p^*C = Ñ Poisson module str . on L



5. Implementation for Toric R - matrix Poisson varieties

symplectic groupoid of (M.ro ) is T*M%M with
→

t

← 2- c- TIM
{ CJCZ)

t (z ) = E Itcz ) g. (z) = e-
⇐"⇒

* (z)

m( ×
, g) = e-{CNY

>

✗ +
etzcscx)
y

µ , D) is as in Kiihler case , but cocycle is nontrivial :

iu-CLJ-n.MY?)(e-tzcJcy)f) ④ (ett# g)☒ ( x ,y) ( f- ④ g) = e

5. Implementation for Toric R - matrix Poisson varieties



5. Implementation for Toric R - matrix Poisson varieties

④ Bohr - Sommerfeld Leaves for B*É G Integer lattice points
in -4¥

Bohr - Sommerfeld leaves intersecting E
€1s Integer lattice points

in Delzaut polytope
for Kw .






