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Some Algebras Associated to
Automorphisms of Elliptic Curves

M. ARTIN, J. TATE and M. VAN DEN BERGH
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The algebras A and B defined by a triple.

Proof of Theorem (6.6).

Proof that regular algebras of dimension 3 are noetherian.
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1. Introduction

The main object of this paper is to relate a certain type of graded
algebra, namely the regular algebras of di ion 3, to phi
of elliptic curves. Some of the results were announced in [V]. A graded
algebra A is called regular if it has finite global dimension, polynomial
growth, and is G tein. The precise definitions are reviewed in Section
2. As was shown in [A-S], there are two basic possibilities for a regular
algebra A of (global) dimension 3 which is generated in degree 1. Either
A can be p d by 3 and 3 dratic rel or else by
2 generators and 2 cubic relations. Throughout this paper, A will denote
an algebra so presented, over a ground field k. The number of generators
will be denoted by r, and the degrees of the defining relations by s. Thus
the possible values are

(r1) (r,8) = { g':; and r45=5.

In ([A-S), (1.5)) it is shown that if A is regular, then there are choices
of generators (z;) and relations (f; = 0), 1 < i < r, such that if we
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1 Introduction

Let k be a field. In a previous paper [ATV] (see also [OF]) some graded
k-algebras A, regular algebras of dimension 3, were constructed from certain
automorphisms ¢ of elliptic curves or of more general one-dimensional schemes
E with arithmetic genus 1, which are embedded as cubsics in IP? or as divisors of
bidegree (2, 2) in P’ x IP™. In this correspondence, the points of the scheme E were
shown to parametrize certain A-modules called point modules. A point module N is
a graded right A-module with these properties:

(1) @) No=k,
(ii) N, generates N, and
(iii) dim, N; =1 forall n 2 0.

The structure of these point modules is related in a nice way to the geometry of the
scheme E and its automorphism ¢. For example, if N = N, is the module corres-
ponding to a point p of E, then the normalized shift N *, defined by

Ne ={N,.,. ifiz0

(12 0 ifi<o,
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Brane quantization of toric Poisson varieties

Francis Bischoff* Marco Gualtieri

Abstract

In this paper we propose a noncommutative generalization of the relationship between
compact Kiahler manifolds and complex projective algebraic varieties. Beginning with a
prequantized Kéhler structure, we use a holomorphic Poisson tensor to deform the underly-
ing complex structure into a generalized complex structure, such that the prequantum line
bundle and its tensor powers deform to a sequence of generalized complex branes. Taking
homomorphisms between the resulting branes, we obtain a noncommutative deformation of
the homogeneous coordinate ring. As a proof of concept, this is implemented for all compact
toric Kéhler manifolds equipped with an R-matrix holomorphic Poisson structure, resulting
in what could be called noncommutative toric varieties.

To define the homomorphisms between generalized complex branes, we propose a method
which involves lifting each pair of generalized complex branes to a single coisotropic A-brane
in the real symplectic groupoid of the underlying Poisson structure, and compute morphisms
in the A-model between the Lagrangian identity bisection and the lifted coisotropic brane.
This is done with the use of a multiplicative holomorphic Lagrangian polarization of the
groupoid.
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Branes And Quantization

Sergei Gukov
Department of Physics, University of California
Santa Barbara, CA 93106
and
Department of Physics, Caltech
Pasadena, CA 91125

and

Edward Witten
School of Natural Sciences, Institute for Advanced Study

Princeton, New Jersey 08540

The problem of quantizing a symplectic manifold (M,w) can be formulated in terms of

the A-model of a complexification of M. This leads to an interesting new perspective
on quantization. From this point of view, the Hilbert space obtained by quantization of
(M, w) is the space of (Bec, B') strings, where B,. and B’ are two A-branes; B’ is an ordinary
Lagrangian A-brane, and B, is a space-filling coisotropic A-brane. B’ is supported on M,
and the choice of w is encoded in the choice of B... As an example, we describe from
this point of view the representations of the group SL(2,R). Another application is to

Chern-Simons gauge theory.
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Probing Quantization Via Branes

Davide Gaiotto

Perimeter Institute
Waterloo, Ontario, Canada N2L 2Y

Edward Witten

Institute for Advanced Study
Einstein Drive, Princeton, NJ 08540 USA

Abstract

xamine quantization via branes with the goal of understanding its relation to geomet-
ric quantization. If a symplectic manifold M can be quantized in geometric quantization using
a polarization P, and in brane quantization using a complexification Y, then the two quanti-
zations agree if P can be analytically continued to a holomorphic polarization of Y. We also
show, roughly, that the automorphism group of M that is realized as a group of symmetries in
brane quantization of M is the group of symplectomorphisms of M that can be anal
tinued to holomorphic s

tically con-
ribe from the point of view of brane
quantization several examples in which geometric quantization with different polarizations gives
equivalent results.

mplectomorphisms of Y. We des
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Theorem 3.6. The algebra Ac and the homogeneous coordinate ring of the toric variety
have canonically isomorphic underlying graded vector spaces

Ac = P H (M, L®™).
n>0
Under this identification the product of two homogeneous sections f and g, with respective
Tc-weights wy,wo € {7, is given by
frg=eiClrwlfeg,

resulting in the commutation relations

= 1

frg=esCorungyf.
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